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I. INTRODUCTION
A second-order phase transition [1] [2] [3] [4] [5] [6] [7] [8] is characterized by spontaneous symmetry breaking ͑SSB͒ accompanied by the appearance of long-range order ͑LRO͒, 5, 6, 9 
LRO = lim

R→ϱ
͗Q͑0͒Q͑R͒͘
͑1.1͒
for the relevant local order-parameter Q j or Q͑R͒ of the system. The global order parameter Q is defined by the sum or integral
in d dimensions. A standard method to study SSB is to evaluate the generalized partition function of the form
log Z͑T,⌳͒.
͑1.4͒
The spontaneous order parameter is obtained by taking the following limits:
for the system size N. The order of the above two limits is crucial, as is well known. It has been proved 5, 6, 9 that LRO = ͗Q͘ + 2 .
͑1.6͒
It is extremely difficult to calculate Z͑T , ⌳͒ for a nonvanishing ⌳. Yang 2 used a trick to make a magnetic field H go to zero proportionally to N −1/2 = L −1 ͑i.e., H ϳ N −1/2 = L −1 ͒, in order to evaluate the spontaneous magnetization m s of the two-dimensional Ising model. It might be impossible to obtain m s if we set H ϳ N −1 ͑which means that the Zeeman energy is of the order of unity even below the critical point T c ͒, as was discussed by Suzuki and Suzuki. 10 In the present paper, we study SSB in the two-dimensional Ising model by using the topological interaction method ͑TIM͒ proposed by Suzuki. 11, 12 The scheme of TIM in the present model ͑Fig. 1͒ is described by the following Hamiltonian:
where
with S j,k = ± 1. Clearly, J 2 Ј changes the topology of the system, according to the conditions J 2 Ј 0 or
then they denote the long-range correlation for M → ϱ, under the limit N → ϱ first before setting J 2 Ј= 0. This condition is vital for evaluating the long-range order below T c . This corresponds to the situation that the thermodynamic limit ͑N → ϱ͒ should be taken before a magnetic field H is made to vanish ͑H → +0͒ in order to calculate the spontaneous magnetization in a uniform system. Even when M is finite, this topological interaction method yields the boundary-boundary correlation function C M ͑0͒ = ͗S 1 S M ͘ J 2 Ј=0 as follows: 
where Z 2D ͑J 2 Ј͒ is the partition function of the system and ␤ is the inverse temperature ͑i.e., ␤ =1/k B T͒. The nearest-neighbor correlation function, denoted as C M ͑J 2 ͒, can be treated at the same time as
͑1.10͒
In the present paper, we derive boundary-boundary correlation functions in the twodimensional Ising model and we study their asymptotic behavior for large system size.
II. PARTITION FUNCTION, CORRELATION FUNCTIONS AND BOUNDARY SPONTANEOUS MAGNETIZATION
Consider the rectangular Ising model with the spin-spin interaction J 1 ͑Ͼ0͒ in the vertical direction and J 2 ͑Ͼ0͒ in the horizontal direction. Impose the topological spin-spin interaction J 2 Ј between column 1 and column M, as is shown in Fig. 1 . The Hamiltonian of the system is the same as that given in Eqs. ͑1.7͒ and ͑1.8͒, namely
with periodic boundary condition in the vertical direction. The partition function of this system is expressed as
͑2.2͒
using the standard Pfaffian ͑Pf͒ method. 4, [13] [14] [15] Here, the above four Pfaffians are evaluated in Appendix A to give the following expressions:
for i = 1, 2, 3, and 4 with the notations
The arguments ͕ n ͖ denote 2n / N for i = 1, 2 and ͑2n −1͒ / N for i = 3, 4. The functions f = f͑␣͒ and fЈ = f͑1/␣͒ are given by
respectively, where x 1 = ͑1−z 1 ͒ / ͑1+z 1 ͒ = e −2K 1 and ␣ = ␣͑͒ is the larger solution of the following equation:
More explicitly, we have
The correct branch of the solution differs above and below T c . This remark is important in evaluating explicitly the root of Eq. ͑2.7͒. Namely, the function ␣ = ␣͑͒ is such a branch of the root as connects with
Then, the correlation function ͗S 1,i S M,i ͘ for N → ϱ can be evaluated as
where denotes the topological parameter defined by = tanh͑␤J 2 Ј͒coth͑␤J 2 ͒. The above integral formula of C M ͑J 2 Ј͒ is very basic in our investigation on the boundary-boundary correlation. Note that ␣͑͒ ജ ␣͑0͒ Ͼ 1 except the critical point ͓where ␣͑0͒ =1͔. Then, the limit M → ϱ is easily taken in the above integral ͑2.8͒ to give the result
͑2.9͒
This shows how the nearest-neighbor correlation function changes according to the change of
It is shown here from the idea of topological interaction method that the limit J 2 Ј→ + 0 of the function C ϱ ͑J 2 Ј͒ yields the square of the boundary spontaneous magnetization m b obtained first by McCoy and Wu 13 as follows. It should be noted first that if we set = 0 in the integral of Eq. ͑2.9͒ then the integral ͑2.9͒ will vanish. This comes from the wrong limit for studying SSB; we must integrate Eq. ͑2.9͒ first ͑N → ϱ͒ before setting J 2 Ј=0 ͑namely =0͒. No SSB occurs for finite N. This is a quite general remark in studying SSB. This situation makes our calculations very difficult or subtle in our paper, as will be seen later. Now, we take the correct limit J 2 Ј→ + 0 after the integration with respect to in Eq. ͑2.9͒ using the delta function ␦͑x͒ as lim
because it is easily shown from Eqs. ͑2.4͒, ͑2.5͒, and ͑2.7͒ that
͑2.13͒
It should be remarkable that the first integrand of Eq. ͑2.10͒ is essentially singular at = 0 and =0 only below the critical point T c . Equivalently, the argument of the delta function in Eq. ͑2.10͒,
, has a zero point in the integral range ͑− ഛ ഛ ͒ only below T c . Thus, we arrive at the following result:
͑2.14͒
below T c . This is an alternative derivation of McCoy-Wu's formula on m b .
It will be instructive to study C ϱ ͑J 2 Ј͒ for various values of the ratio J 2 Ј/ J 2 . In particular, C ϱ ͑J 2 ͒ is confirmed to be equal to the uniform nearest-neighbor correlation function 16, 17 
͑2.15͒
as it should be. All the functions C ϱ ͑J 2 Ј͒ are singular at T c for any values of J 2 Ј, as shown in Fig.   2 .
III. BOUNDARY-BOUNDARY CORRELATION FUNCTION
The main purpose of the present paper is to evaluate the boundary-boundary correlation function both for finite M and infinite M͑→ϱ͒, using the above topological interaction method. In principle, this should be performed by taking the limit J 2 Ј→ +0 ͑and consequently = z 2 Ј/ z 2 → +0͒ in the above basic integral formula ͑2.8͒. In fact, we obtain an integral representation of the form 
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It is easily found from Eqs. ͑2.4͒, ͑2.5͒, and ͑2.7͒ that f M ͑͒ is an Mth order polynomial of cos .
For example, we have, for M =2,
Then, we obtain the correlation function
The second expression of Eq. ͑3.4͒ is a low temperature series expansion. The third expression shows the quite remarkable fact that C 2 is less than C ϱ at low temperatures. This surprising result is found to be universal for any values of M as shown in Fig. 3 , which has been calculated numerically from ͑3.1͒. It will be interesting and useful in the theory of critical phenomena to study analytically the asymptotic behavior of the boundary-boundary correlation function C M . First note that the integrand of Eq. ͑3.1͒ for large M is singular at = 0 below T c . Thus, it seems to be rather complicated to evaluate Eq. ͑3.1͒ for large M below T c . We must integrate first Eq. ͑3.1͒ before taking the limit M → ϱ, or at least, to perform the two procedures simultaneously. In fact, we obtain, below T c ,
This relation is derived from Eqs. ͑2.12͒ and ͑2.13͒. Thus, we arrive again at the relation 
͑3.7͒
Clearly we have C ϱ = 0 for T Ͼ T c . This can be also derived using the delta function as
The above two derivations ͑2.14͒ and ͑3.7͒ of m b 2 yield
This exchangeability of the two limits comes from the fact that J 2 Ј changes only the topology ͑not symmetry͒ of the system. Next we study the asymptotic behavior of C M ϵ C M ͑0͒.
A. Asymptotic form of C M above T c
Noting the property ͑2.11͒, we find, from Eq. ͑3.1͒,
Here, we have used the relation
͑3.11͒
The coefficient A + ͑T͒ is given by
͑3.12͒
The correlation length b is exactly expressed by
which diverges as follows:
͑3.14͒
It is interesting to note that the above correlation length b is exactly the same as the ordinary correlation length defined by the correlation function C͑R͒ in the K 2 direction for an infinite system 18 −1 = log coth K 2 − 2K 1 .
͑3.15͒
That is, from Eq. ͑3.13͒, we obtain
͑3.16͒
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It should be also noted that the above asymptotic form including the prefactor ͑1/ ͱ M͒ agrees with that of the ordinary correlation function 19, 20 C͑R,T͒ Ӎ
͑3.17͒
However, the situation is different at and below T c , as will be seen later.
B. Asymptotic form of C M at T c †or for M"T − T c … / T c ™ 1 ‡
It will be interesting to evaluate the asymptotic form of C M at T c or for M͑T − T c ͒ / T c Ӷ 1. We find easily that 
C. Asymptotic form of C M below T c
It is more complicated to study the asymptotic behavior of the boundary-boundary correlation function C M below T c , because of the existence of long-range order. We can derive, from Eq. ͑3.1͒, the following asymptotic form:
͑3.21͒
for M͑T c − T͒ / T c ӷ 1, using the renormalized evaluation method of singular integrals, 21 as will be shown in Appendix C. Here, the coefficients A − ͑T͒ and B͑T͒ are given by 
͑3.25͒
This yields the following finite-size scaling law:
It is easily understood that m b ͱ M is the scaling variable in Eq. 
D. Nonmonotonicity of C M below T c
One of the remarkable features on C M is that it is nonmonotonic with respect to the systemsize M below T c , as is seen from Eq. ͑3.21͒. It is easily found that A − ͑T͒ Ͼ 0 ͑see Appendix C͒. This yields the nonmonotonicity of C M . This behavior seems to be surprising, at first. Thus, we have confirmed this result in three ways. The first one is analytic, as in Eq. ͑3.21͒ with A − ͑T͒ Ͼ 0.
The second one is to make use of the low-temperature expansion of C M , as was already exemplified for C 2 in Eq. ͑3.4͒. It is possible in principle to calculate the low-temperature expansion of C M . However, it is so complicated that we are here satisfied, for the second confirmation of the nonmonotonicity of C M , to find the following expansion up to the first order of x 2 ͑=e −2K 2 with x 1 = e −2K 1 ͒:
for an arbitrary value of M. On the other hand, the square of the boundary magnetization C ϱ = m b 2 is generally expanded as
Therefore, we find
to confirm the inequalities C 1 Ͼ C M and C M Ͻ C ϱ at sufficiently low temperatures for M ജ 2.
The third method to confirm this behavior is to integrate Eq. ͑3.1͒ numerically. Two examples of typical monotonic behavior and nonmonotonic behavior are shown in Fig. 4 . In more detail, assuming J 1 = J 2 = J for simplicity, we find the inequality C M Ͻ C ϱ except for M = 1 below k B T / J = 1.6616 . . . as is shown in the above low-temperature expansion. For 1.6616. . . Ͻ k B T / J Ͻ 1.8883 . . ., we find C M Ͻ C … except for M = 1, 2. From Fig. 4͑b͒ , it is found that C M with M = 1, 2, 3, 4 are larger than C ϱ at k B T / J = 2.0. In addition, the minimum value of C M is found at finite M min ജ 2. For example, C 2 takes the minimum value for k B T / J Ͻ 1.3696 . . . and C 8 is minimum at k B T / J = 2.0 ͓Fig. 4͑b͔͒. For T ജ T c , we have M min = ϱ.
Above T c , the function C M is monotonic with respect to the system size M. The reason why C M becomes nonmonotonic only below T c is because the finite-size effect on C M becomes dominant only below T c , namely because the difference between C M and C ϱ comes from the remaining correlations longer than M. These correlations become larger at low temperatures ͓where the long-range order ͑LRO͒ appears͔. Except at very low temperatures, the function C M for small M denotes the short-range correlation effect coming mainly from a finite strip and consequently it decreases as M increases.
IV. SUMMARY AND DISCUSSION
We have applied a new scheme of topological interaction method to the evaluation of the boundary-boundary correlation function C M for the system-size M. An exact integral formula of C M has been derived to give the asymptotic scaling form,
This confirms Fisher's finite-size scaling law. More explicitly, we have
where is given by Eq. ͑3.13͒ for T Ͼ T c and by Eq. ͑3.22͒ for T Ͻ T c . The nonmonotonicity of C M with respect to M has been found to appear only below T c , owing to the competing effect of the strong short-range correlation, long-range correlation dominant at low temperatures and finite-size effect.
It will be interesting to remark that present formula 
which is valid above T c . For more details, see Appendix D.
The present topological interaction method will be applicable to many other systems to evaluate not only the boundary magnetization but also other physical quantities such as the boundary energy and boundary many-body interactions, ͗Q 1,i 1 ,i 2 ,…,i n ͘ by introducing the topological interaction −J Q ͚ Q 1,i 1 ,…,i n Q M,i 1 ,…,i n . The TIM will be also useful in studying quantum spin systems.
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APPENDIX A: EVALUATION OF PFAFFIANSˆPf A i ‰
By the standard Pfaffian method, 4, 13, 14 the partition function can be calculated to be
where we use the notations z 1,2 = tanh ␤J 1,2 = tanh K 1,2 and z 2 Ј= tanh ␤J 2 Ј= tanh K 2 Ј. 
with n =2n / N. The expression of the determinants for A 3 and A 4 are the same except that n = ͑2n −1͒ / N. If z 2 Ј= z 2 , it is easily shown that the partition function Z reduces to the regular rectangular Ising lattice with toroidal boundary conditions. It will be instructive to separate the free energy −k B T log Z 2D into the following two parts:
where f 0 is the bulk free energy defined in
and the remaining part f 1 contains the boundary and topological terms,
͑A11͒
Note that only Pf A 2 and Pf A 4 contribute to the free energy and consequently that the factor ͑−1͒ i in ͑A8͒ is equal to unity. The correlation function C M ͑J 2 Ј͒ is thus given by
This gives Eq. ͑2.8͒. 
APPENDIX B: PROPERTIES OF
where we have substituted z 2,c = ͑1−z 1,c ͒ / ͑1+z 1,c ͒. The above linear dependence of ␣͑͒ near =0 at T c is a big contrast to the following 2 -dependence of ␣͑͒ for T T c : 
͑D9͒
This is nothing but Morita's sum rule. It will be instructive to present here a rough but direct estimate of the integral ͑D2͒ as follows:
The prefactor ͱ 2 in Eq. ͑D10͒ satisfies the inequality ͑D8͒. This rough estimation has been already made in Ref. 26 in applications of Morita's sum rule to the coherent anomaly method. 27 The above extended form ͑D1͒ will be derived rigorously 28 using again the topological interaction method by applying the interaction JЉ͚ k=1 N S 1,i+k S M,j+k for fixed i and j to the twodimensional Ising model with width M and length N.
